The effect of the breakup channel on the fusion reaction of weakly bound systems by means of a quantum mechanical approach has been discussed. The total fusion reaction cross-section fus , the fusion barrier distribution fus and the mean angular momentum ⟨ ⟩ for the systems 6 He + 
Introduction
The quantum-mechanical tunneling presented in halo nuclei produces unexpected effects. The energy needed to remove halo nucleons is drastically less than particle separation energies for typical nuclei. Nuclear radii are enhanced, but matter and charge radii may differ considerably. There is an evidence that few-body effects may become crucial, leading to the formation of cluster structures beyond the scope of mean-field theories. In the first approximation, the spatial separation of particles in the halo from the rest of the system justifies a simplified description with only a few active constituents [1] . Halo nuclei can be thought of in terms of a few (typically one or two) single halo nucleons orbiting a tightly bound core, thus implying a major role of single-particle properties. In quantitative terms, it has been assessed that, for a quantum halo to develop [2] , first: the probability to find halo particles in the forbidden region beyond the classical turning point should be more than 50%. The core-halo configuration should occur with more than the 50-% probability in a given system. It has been argued [3, 4] that, for a nucleus to meet these criteria, (a): the energy needed to separate the halo part from the rest of the nucleus should be small, more precisely less than about 2 MeV · A −2/3 , with being the mass number of the nucleus; (b): the halo nucleons should occupy -or -angular momentum orbits around the core; (c): the proton number of the nucleus should not exceed ten or so for a proton halo to develop. For three-body halo states containing two loosely bound nucleons, condition b should be supplemented by the requirement for the hypermomentum to be 0 or 1. The formation of a charged halo is hindered by the Coulomb barrier. The nucleus 4 He breaks up into 3 He + n or 4 He(p, pn) 3 He with the neutron separation energy = 20.580 MeV;
6 Li breaks up into 4 He + 2H, with the separation energy = 1.48 MeV, and 7 Li into 4 H + 3H, with = 2.45 MeV [5, 6] . In order to consider the effect of the breakup channel for systems involving weakly bound projectiles, the coupling to the continuum was considered [6, 7] . For practical pur-poses, it becomes necessary to approximate the continuum by a finite set of states, as in the Continuum Discretized Coupled-Channels method (CDCC) [8] . Recently, Majeed and Abdul-Hussien [9] had employed a semiclassical approach to study the effect of the breakup channel using the CDCC method on the fusion reaction cross-section fus and the fusion barrier distribution fus for 6, 8 He halo nuclei. Majeed et al. had performed semiclassical coupled-channels calculations in a heavy-ion fusion reaction for the systems 40 Ar + 110 Pd and 132 Sn + 48 Ca. They proved that the semiclassical approach including the coupling between the elastic channel and the continuum turns out to be very successful in describing the total fusion reaction cross-section fus and the fusion barrier distribution fus below and above the Coulomb barrier for medium and heavy systems [10] . The effect of the breakup channel on fusion reactions of weakly bound systems by means of a semiclassical and full quantum mechanical approaches has been discussed by F.A. Majeed [11] . Majeed et al. performed coupled-channel calculations using semiclassical and full quantum mechanical calculations to study the effect of channel coupling on the calculations of the total fusion reaction cross-section fus , the fusion barrier distribution fus , and the fusion probability fus for the light systems 4 He + 233 U, 13 C + 48 Ti, and the medium system 46 Ti + 46 Ti. They argued that the inclusion of the coupled channels in their semiclassical and full quantum mechanical calculations enhances their calculations markedly below and around the Coulomb barrier .
In this study, the effect of the breakup channel on the study of the fusion cross-section fus , fusion barrier distribution fus , and mean angular momentum ⟨ ⟩ for the systems 6 He + 64 Zn, 6 He + 209 Bi, 8 B + 58 Ni, and 11 Be + 238 U will be explored. These systems involve light halo nuclei as projectiles, and the effect of the breakup channel should be significant.
Differential Cross-Section
When considering a spherically symmetric potential, the angular momentum of a system is a constant of motion. In this way, the wave function , ( , , ) can be factored into the radial, ( ), and angular, ( , ), parts [12] ,
likewise, the Schrödinger equation can be separated into a radial and angular forms. The radial equation
where the term ( 2 ( + 1)/2 2 ) represents the centrifugal barrier of a particle moving along an orbit with angular momentum . The scattering process can be understood as the interaction of several partial wave functions with angular momentum with the central potential. Only those particles with the angular momentum relative to the target less than a maximum value will interact effectively with the target nucleus [12] . For the elastic scattering, the asymptotic limit leads to the following approximation of Eq. (1) [12] :
where we assume that the particles do not have any intrinsic spins, so that the total angular momentum is just the orbital angular momentum. Adopting along the -axis, it is possible to express the scattering amplitude of a nuclear potential as follows [13] :
Here, (cos ) is the Legendre polynomial, and represents the unitary scattering matrix which is expressed in terms of the reflection coefficients and the scattering phase shifts [13] ,
The reflection coefficients represent the amplitude attenuation of the th partial wave. For a real potential, no attenuation is expected, since = 1 (for complex potentials, < 1). The scattering phase shifts correspond to the angular shift experienced by the th partial wave compared to an undisturbed wave. An attractive potential ( ( ) < 0) leads to a positive phase shift, whereas a repulsive potential ( ( ) > 0) produces a negative phase shift. In the absence of a nuclear potential, all phase shifts vanish [12] . The existence of an electromagnetic interaction between two interacting particles requires the adoption of an extra term for the wave function, which asymptotically takes the form [13] C ( ) → ( k·r− ln 2 ) (6) with a phase shift relative to an undisturbed wave which depends logarithmically on the distance , the Sommerfeld parameter , taking the above correction into account, the wave function of Eq. (1) has the form [14] 
The nuclear interaction wave ( , , ) and the amplitude ( , ) incorporate all possible interactions except for the electromagnetic ones. The Rutherford scattering amplitude can be written as [13] 
where the scattering amplitude of the nuclear interaction is given by [15] ,
The Coulomb phase shift , which contains the effect of the electromagnetic interaction on the scattering amplitude ( , ), is given by the expression [16] ,
Considering both the effects of the electromagnetic and nuclear interactions, the total scattering amplitude of a projectile on a target nucleus is expressed in the form [16] ,
The total fusion cross-section is given by
and the angular momentum ⟨ ⟩ can be given as
Fusion Barrier Distribution
The measurements of the fusion barrier distribution fus represent a new stage in studies of the heavy ion fusion. The fusion barrier distribution analysis is a valuable tool to understand the mechanism of fusion of two heavy nuclei and the role of their internal degrees of freedom leading to the fusion. The fusion barrier distribution has been shown to be sensitive to the data related to the nuclear structure such as the nuclear shapes, multiple excitations, the anharmonicity of nuclear surface vibrations, etc. For this purpose, high precision measurements of the fusion crosssection data are required and have been reported for many systems [17] . It has been suggested recently that the application of a novel analysis technique allows this distribution of barriers to be extracted directly from fusion data [18, 19] without the imposition of arbitrary shapes and symmetries [19] . The probability ( , ) for the absorption of the th partial wave is then given by the Hill-Wheeler formula [20, 21] 
The cross-section data were fitted by using the approximate Wong formula taken from [7, 17, 22 , 23]
Since the second derivative is proportional to the delta function (see Refs. [7, 17, 22, 23] ), we get
The tunneling effect smears the Dirac delta function in Eq. (16). For Eq. (15), we take the second derivative of ( ) as proportional to the -wave penetrability for a parabolic barrier [23, 24] 
where = (−2 ( − ))/ . For a completely classical system, ( ) is 1above the barrier and zero below it; hence, the quantity ( )/ will be a is the height of the one-dimensional potential barrier coupled to these channels [25] delta function peaked, when is equal to the barrier height, as shown in Fig. 1 (left side) . Quantum mechanically (see Fig. 1, right side) , since the transmission probability smoothly changes from zero at energies far below the barrier to unity at energies far above the barrier, the sharp peak is broadened. It has been demonstrated [22] that this broadened peak presents a near Gaussian distribution with a width of 0.56
. In the case of the two-channel coupling, the quantity ( )/ is further broadening, owing to the overlapping of the two peaks, and it can be taken to represent the distribution of barriers, due to the coupling to extra degrees of freedom, as depicted in Fig. 2 .
The presence of channel couplings immediately leads to [24] 
This function has been referred to as the fusion barrier distribution in units of (mb/MeV) and is related to the curvature ( )], which has been extracted from data using the cross-sections ( −) , , and ( +) at center-of-mass energies − − Δ , , and + Δ , respectively, by the threepoint difference formula [22, 26] 
The statistical uncertainty c associated with this curvature is given approximately by
where the are random errors of the cross-sections.
Results and Discussion
In this section, the numerical results for the total fusion cross-section fus , the fusion barrier distribution fus , and the mean angular momentum ⟨ ⟩ for the systems 6 He + 64 Zn, 6 He + 209 Bi, 8 B + 58 Ni, and 11 Be + 238 U calculated within the full quantum mechanical approach are presented in Figs. 3, 4 , 5, and 6, respectively. Our calculated values of fus , fus , and ⟨ ⟩ are compared with the corresponding experimental data using the CC code. The Aküz-Winther potential parameters used in the present calculations are listed in Table 1 . For all systems, our calculated results represented by dashed and solid red curves for the quantum calculations with coupled channels and without coupling, respectively. Figure 3, a, 3, b and 3 , c, respectively, presents the comparison between our results of the quantum approach calculations of the total fusion crosssection fus (mb), fusion barrier distribution fus (mb/MeV), and mean angular momentum ⟨ ⟩ with the corresponding experimental data for the system 6 He + 64 Zn. These results for coupled channels and without coupling are in good agreement with the experimental data above the Coulomb barrier for fus (mb) and fus (mb/MeV). The calculations and experimental data in all figures are plotted in both logarithmic and linear scales for the total fusion crosssection fus (mb). The inclusion of the coupling enhances the results of calculations for fus (mb) and fus (mb/MeV) below and above the Coulomb barrier indicated by a blue arrow located on the c.m. axis. The calculations of the mean angular momentum including coupling effects overshoots the experimental data. Although the inclusion of the coupled channels makes the calculations of fus and ⟨ ⟩ in a better agreement with the experimental data, but it made the curves not smooth with ripples, which might be attributed to the sinusoidal behavior in the coupled differential equations, when the coupling is included. For this system, the mean angular momentum agrees well with the experimental data without coupling.
The comparison of our theoretical calculations of fus (mb), fus (mb/MeV), and ⟨ ⟩ with the corresponding experimental data is shown in Figure 4 , In a similar analysis, we compare our calculated results of fus , fus , and ⟨ ⟩ with the corresponding experimental data in panels a, b, and c of Fig. 5 , respectively, for the system 8 B + 58 Ni. The experimental data of this system are obtained from Ref. [29] . The position of the experimental Coulomb barrier is indicated by an arrow at the c.m. axis. The inclusion of the channel coupling seems have no effects on the calculations of fus , while this is not the case for fus and ⟨ ⟩, which show a ripple behavior with two peaks appeared for fus , which are closer to the experimental data. Figure 6 shows the comparison between our theoretical calculations of the total fusion cross-section fus , fusion barrier distribution fus , and mean angular momentum ⟨ ⟩ as displayed in panels a, b, and c, respectively, for the system 11 Be + 238 U. The experimental data for this system were obtained from Ref. [30] . For this system, the inclusion of coupled channels has almost no effect on the peak height of fus , shows same results in the case of no coupling, and, in general, has no agreement with the experimental data for fus and ⟨ ⟩ except a very slight difference in the peak value of fus exactly at the position of the Coulomb barrier .
Conclusion
The quantum mechanical calculations for the total fusion reaction cross-section fus (mb), fusion reaction barrier distribution fus (mb/MeV), and mean angular momentum ⟨ ⟩ have been performed for the systems 6 He + 64 Zn, 6 He + 209 Bi, 8 B + 58 Ni, and 11 Be + 238 U. The effects of the coupled channels are found to be very important in the calculations and enhance the results of calculations markedly around and below the Coulomb barrier. The inclusion of the coupling effects for the full quantum mechanical calculations, by considering the coupling between the elastic and breakup channels, improves the results of calculations around and below the Coulomb barrier, but still has shortfall in reproducing the data, especially below the Coulomb barrier.
